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Abstract

This paper considers sieve estimation of semi-nonparametric (SNP) models
with an unknown density function as non-Euclidean parameter, next to
a finite-dimensional parameter vector. The density function involved is
modeled via an infinite series expansion, so that the actual parameter space
is infinite-dimensional. It will be shown that under weak and verifiable
conditions the sieve estimators of these parameters are consistent, and the
estimators of the Euclidean parameters are v/N asymptotically normal,
given a random sample of size N. The latter result is derived in a different
way than in the sieve estimation literature. It appears that this asymptotic
normality result is in essence the same as for the finite dimensional case.
This approach is motivated and illustrated by an SNP discrete choice model.
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1. Introduction

Semi-nonparametric (SNP) models (also called semi-parametric models) are mod-
els that are only partially parametrized, and the non-specified part is an unknown
function. See Chen (2007) for a recent review of these models and the various
ways to estimate them. If this unknown function is approximated by a series
expansion, the standard method to estimate these models is the method of sieves
proposed by Grenander (1981). There is also a substantial literature on estimation
of semi-parametric models using nonparametric kernel density and/or regression
estimators (see for example Horowitz 1998), but these approaches are beyond our
scope.

Starting with Geman and Hwang (1982), the consistency of sieve estimators is
well-established in the sieve estimation literature, albeit under rather restrictive
conditions. In this literature the asymptotic normality of a finite subset of para-
meter estimates is proved by using a functional derivative, such as the Frechet,
Hadamard or Gateaux derivatives, together with a related 6-method and Lip-
schitz and equicontinuity conditions. See for example Andrews (1994), Bickel et
al. (1998), Gill (1989), Newey (1997) and Shen (1997), among others. However,
the asymptotic normality conditions involved are very high-level and therefore
difficult to verify, in particular the conditions A through D in Shen (1997). The
latter paper has set the standard for the asymptotic normality of sieve estimators
of smooth functionals. See also Chen and Shen (1998) and Chen (2011) for the
time series case and Chen et al. (2003) for the non-smooth case.

Therefore, the purpose of this paper is to establish weak, verifiable and/or
implementable conditions for the consistency of sieve estimators in general, and
the v/ N asymptotic normality of the sieve estimator of the Euclidean parameter
vector in particular, given a random sample of size N. The i.i.d. assumption is
merely made to keep the paper focused on its essentials. It can easily be relaxed
to the time series case, for example by assuming stationarity and ergodicity, and
using a martingale difference central limit theorem. See McLeish (1974) for the
latter.

In general, SNP models involve a (true) Euclidean parameter vector 6y, say,
of structural parameters (or parameters of interest) and infinitely many (true)



nuisance parameters 6° = {8y,;}5°;, say, combined as £ = (0, 8°) = {&r}2, € Z,
where = is the infinite-dimensional parameter space involved. As noted by Shen
(1997) and others, the usual assumption for finite dimensional parametric models
that the parameter space is a compact metric space containing the true parameter
vector in its interior may not hold for = in some cases. The general conditions in
Shen (1997) assume these problems away. In contrast, the approach in the current
paper will be confined to the case = = X2, [—&, &,], where &, is an a priori chosen
positive sequence converging to zero for k — oo, endowed with an appropriate
metric to make = compact. Moreover, to prove the asymptotic normality of the
sieve estimator of 6 it will be assumed that &, is chosen such that £ = (6, 8°) €
X2 (=&, &), Tt appears that the sieve order for which this asymptotic normality
result holds depends on the rate at which &, — 0. Admittedly, this is more
restrictive than the general conditions considered in the SNP literature, but given
the appropriate choice of the sequence Ek the other conditions for consistency of
the sieve estimator of £° and the asymptotic normality of the sieve estimator of
0y are weak and/or verifiable.

As to consistency, it will be shown that there is no need to assume that the
expectation of the log-likelihood function is finite for all admissible parameter
values. Next to weak standard regularity conditions it suffices that this expec-
tation is finite in the true (infinite-dimensional) parameter £° and a single other
one. Moreover, it will be shown that asymptotic normality of the sieve estimators
of the Euclidean parameter vector 6y can be established much easier, and under
verifiable primitive conditions, than by the functional derivative approach. The
basic idea is actually quite simple. Starting from the standard system of mean
value equations for the first-order conditions, this system is converted to a single
mean value equation in random function form in order to handle the increasing
dimension, by taking a weighted sum of the standard mean value equations with
weight functions an orthogonal sequence of cosine functions on the unit interval.
Then under mild regularity conditions, one side of this function equation converges
weakly to a Gaussian process, whereas the other side contains the parameter esti-
mates in deviation of their true values, times v/ N, weighted by random functions.
The nuisance parameters involved can be eliminated from this equation by using
the residuals of the projections of the weight functions corresponding to the para-
meters of interest on the space spanned by the weight functions corresponding to
the nuisance parameters. It appears that the resulting asymptotic variance matrix
is the limit of the corresponding variance matrix in the finite dimensional case.
The latter confirms similar conclusions by Newey (1994), Ai and Chen (2007),



Ackerberg et al. (2010) and Ichimura and Lee (2010).

My focus will be on SNP models where the non-Euclidean parameter is a
density or distribution function which is modeled via an infinite series expansion,
similar to the approach of Gallant and Nychka (1987). The latter authors consider
an SNP version of Heckman’s (1979) sample selection model, where the bivariate
error distribution of the latent variable equations is modeled via a Hermite expan-
sion of the error density. Another example of an SNP model is the mixed propor-
tional hazard (MPH) model proposed by Lancaster (1979). In their seminal paper,
Elbers and Ridder (1982) have shown that under some mild conditions and nor-
malizations the MPH model is nonparametrically identified. Heckman and Singer
(1984) propose to estimate the distribution function of the unobserved heterogene-
ity variable by a discrete distribution. Bierens (2008) and Bierens and Carvalho
(2007) use orthonormal Legendre polynomials to model semi-nonparametrically
the unobserved heterogeneity distribution of interval-censored mixed proportional
hazard models and bivariate mixed proportional hazard models, respectively.

Of course, there are many more examples of SNP models. However, I will
use an SNP discrete choice index model as benchmark model to motivate and
illustrate the approach in this paper.

Any density function can be converted one-to-one via an a priori chosen map-
ping to a density function on the unit interval. See for example Bierens (2008)
and the next section. Therefore, without loss of generality we may assume that
the non-Euclidean parameter in the SNP models under review takes the form of
a density function h(u) on the unit interval. Because y/h(u) is an element of the
Hilbert space L?(0,1) of square-integrable functions, \/h(u) can be represented
by a countable infinite linear combination of a complete orthogonal sequence in
L*(0,1), similar to the approach of Gallant and Nychka (1987) for densities on
R with Hermite polynomials as orthonormal sequence. The Legendre polynomi-
als used in Bierens (2008) form such a complete orthogonal sequence in L?(0,1).
However, as is well-known, the same applies to the well-known Fourier series and
the related cosine series. The cosine series has the advantage that it is easy to
impose smoothness conditions on h(u). Another advantage is that distribution
functions on the unit interval have a closed-form expression in terms of the sine
series. Therefore, the approach in this paper will be based on series expansions
in terms of the cosine series, although the results carry over straightforwardly to
the Fourier series.

Gallant (1981) was the first econometrician to proposed Fourier series ex-
pansions as a way to model unknown functions. Gallant’s approach is actually



nonparametric in that no Euclidean parameters are involved. See also Eastwood
and Gallant (1991) and the references therein. However, the use of Fourier series
expansions to model unknown functions has been proposed earlier in the statistics
literature, for example in Kronmal and Tarter (1968).

The outline of the paper is as follows. In section 2 the SNP discrete choice
model will be introduced and conditions for its identification will be established.
Next to standard conditions on the covariates, identification requires a normal-
ization of the unknown distribution function involved to fix its location and scale.
This will be done by imposing two quantile restrictions. The version of this model
that will be used to motivate and illustrate the sieve estimation approach is the
SNP Logit model, which is an SNP generalization of the standard Logit model.
In section 3 it will be shown how densities on the unit interval can be repre-
sented by a series expansion in terms of the cosine series, and how smoothness
and compactness conditions can be imposed. In section 4 the SNP Logit model
will be reformulated as an infinite parameter model, in two forms: a penalized
least squares (PLS) form and a penalized maximum likelihood (PML) form, where
the role of penalty function is to enforce the aforementioned quantile restrictions.
Conditions will be set forth for the strong consistency of the sieve estimators in the
PLS case, and weak consistency in the PML case. Section 5 provides weak condi-
tions for the consistency of sieve estimators of general SNP models. In particular,
it will be shown that the usual condition that the expectation of the objective
function is finite can be relaxed. Section 6 deals with the asymptotic normality of
the sieve estimators of the Euclidean parameters, using a different approach than
in the sieve estimation literature. In section 7 it will be shown that the general
asymptotic normality conditions in section 6 apply to the SNP Logit model. The
concluding section 8 summarizes the main contribution of this paper to the sieve
estimation literature, and indicates further applications.

The proofs are given in either Appendix A (section 9), or in a separate ap-
pendix, Bierens (2011). The latter contains proofs that are not too difficult, or
are variations of published results, or are too tedious, together with a brief re-
view of some well-known Hilbert space results used in this paper. The lemmas
and theorems for which the proofs are given in Bierens (2011) are indicated by
an asterix: *), Appendix B (section 10) deals with convergence in probability of
projections of a random element of a Hilbert space on the space spanned by an
array of random elements in this Hilbert space, and their corresponding residuals.
These results play a key-role in the asymptotic normality proof in section 6.

Throughout the paper I will use the following notations. The indicator func-



tion is denoted by I(.), and N and Ny denote the sets of positive and nonnegative
integers, respectively. The partial derivative to a parameter with index £ will be
denoted by Vy, and Vy,, denotes the second partial derivatives to parameters
with indices £ and m.

2. The SNP discrete choice index model

2.1. The benchmark model

As benchmark model, I will focus on the SNP discrete choice index model
Pr[Y =1|X] = Fy (a0 + G5 X) (2.1)

where Y € {0,1}, X € RY, ¢ > 1, is a (vector) of observable covariates, Fy(z) is
an unknown absolutely continuous distribution function on R with density fo(x),
and ag € R and Gy € R? are parameters to be estimated. Moreover, similar to
the Logit and Probit cases it will be assumed that

fo(z) is continuous and positive on R. (2.2)

Given an a priori chosen absolutely continuous distribution function G(x) with
support R we can write model (2.1) as

Pr[Y =1|X] = Ho (G (a0 + 5yX)) = Ho (G (1, X")6o)), (2.3)

where 6y = (ap, B) € RP, p=q+1, and Hy(u) is a distribution function on [0, 1],
i.e., Ho(u) = Fo(G™'(u)), with G™! the inverse of G. The corresponding density
takes the form

ho(u) = fo(G™(u))/g(G ™ (u)), (2.4)
where ¢ is the density function of G.
Note that by (2.4) and condition (2.2), ho(u) is continuous and positive on
(0,1). Moreover, if
lim fo(z)/g(z) < oo (2.5)

|z|—o0

then ho(0) < oo and hg(1) < oo, so that then hg(u) is uniformly continuous on
[0, 1].

In general, the role of the a priory chosen distribution function G is three-fold:
1. G specifies the support of the unknown distribution function F, in the SNP
model;



2. G maps one-to-one the parameter space of absolutely continuous candidate
distributions for Fy onto a space of density functions on the unit interval, which
enables us to develop a unified inference approach for a wide range of SNP models;
3. G serves as an initial guess for Fy(x) = Ho(G(z)). If the guess is right then
Ho(u) = u. A related interpretation is that Fy = G represents a standard para-
metric model of which the SNP model is a generalization.

As to the latter, let for example G(x) be the logistic distribution function,

G(z) = (1 +exp(—z))". (2.6)

Then the standard Logit model corresponds to Hy(u) = u, and the general SNP
discrete choice index model (2.3) corresponds to

fo(In(u) — In(1 — u))
uw(l — u) ’

ho(u) = (2.7)

as follows straightforwardly from (2.4) and the fact that in the case (2.6), g(x) =
G(z)(1 — G(z)) and G~ (u) = In(u/(1 — u)). Thus, in the case (2.6) model (2.3)
becomes a generalization of the standard Logit model. However, the choice of
(2.6) does not exclude other standard parametric discrete choice models. For
example, with G chosen as (2.6), the standard Probit model corresponds to

_ exp(—(In(u) — In(1 —u)))*/2)

2.2. Identification

As pointed out by Manski (1988), model (2.1) is not identified without further
conditions. One of the reasons is that for any pair of constants y and o > 0 we can
find a distribution function H(u) on [0, 1] such that Hy(G(z)) = H(G(u + 0.x)),
namely H(u) = Hyo(G((G™(u) — p)/0)), so that then Pr[Y =1|X] = H(G(p +
oapg + 03y X)) = Ho(G(ap + 3,X)). A possible solution is to set ap = 0 and
normalize one of the components of () to 1, as in Manski (1988), but then we
loose the desirable property that the case Fy = G corresponds to the uniform
distribution Hy(u) = w.

Alternatively, we can achieve identification by imposing two quantile restric-
tions, for example

H(uy) = Ho(u1) = uy, H(uz) = Ho(uz) = ug, (2.8)
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for an a priori chosen pair u; < ug in (0, 1), together with some regularity con-
ditions on the distribution of X. The reason for choosing the quantiles and the
corresponding values of H and H the same is to accommodate the uniform dis-
tribution. Then similar to the identification conditions for the interval censored
mixed proportional hazard model considered in Bierens (2008) it can be shown
that the SNP discrete choice index model (2.3) is identified under the following
conditions.

Assumption 2.1. Let X € R? be the vector of covariates in the SNP discrete
choice model (2.3). The following conditions hold.

(a) E[X'X] < 0.

(b) If ¢ =1 then the distribution of X has support R, and By # 0.

(¢) If ¢ > 2 then we can partition X as X = (X1, X})', with Xo € RI™L, such
that the conditional distribution of X; giwen Xs has support R. Moreover, the
coefficient of X1 is nonzero and the variance matriz of Xs is nonsingular.

(d) The distribution function Hy in (2.3) is absolutely continuous with density hy
satisfying ho(u) >0 on (0,1).

(e) The distribution function Hy is confined to a space of absolutely continuous
distribution functions H on [0,1] satisfying the quantile restrictions H(uy) =
uy, H(ug) = ug for an a priori chosen pair uy # uy in (0,1).

Thus,

Lemma 2.1.%) Under Assumption 2.1, Ho(G(ap + 85 X)) = H(G(a+ X)) a.s.
implies o = a, B = [y and H = H,.

2.3. The SNP Logit model

From now onwards it will be assumed that the logistic distribution (2.6) has been
chosen as initial guess G(x). The corresponding SNP model (2.3) will be referred
to as the SNP Logit model. Moreover, in addition to part (d) of Assumption 2.1
I will adopt condition (2.2) together with tail condition (2.5), so that

Assumption 2.2. The density ho(u) in (2.7) is uniformly continuous on [0, 1].

I will propose to estimate the Fuclidean parameter vector 8y and the distrib-
ution function H, consistently by a penalized sieve least squares method as well



as by a penalized sieve maximum likelihood method, on the basis of a random
sample of size N from (Y, X), where the role of the penalty function involved is
to enforce the quantile restriction in part (e) of Assumption 2.1. In the penalized
maximum likelihood case, however, we need to augment Assumption 2.2 with the
conditions that

Assumption 2.3. ho(0) > 0 and hy(1) > 0,

in order to deal with the effect of the logs in the log-likelihood function.

Note that by (2.4), Assumption 2.3 implies lim|g| . fo()/g(x) > 0, hence by
(2.5), Assumptions 2.2 and 2.3 together require to choose G' and its density g such
that

lim fo(z)/g(x) € (0,00). (2.9)

|z|—o0

In particular, in the logistic case (2.6) the tail condition (2.9) reads

|l‘im (In(fo(z)) — |z|) € R, (2.10)
which, admittedly, is restrictive. On the other hand, in the SNP Logit case fy(x)
can be estimated consistently via penalized sieve least squares without requiring
Assumptions 2.2 and 2.3 (see the remark following Theorem 5.1), so that the tail
condition (2.10) is empirically verifiable. Moreover, if condition (2.10) does not
seem to hold the plot of the estimate of fy(x) can be used to select a distribution
function G for which tail condition (2.9) is plausible.

3. Series expansions of densities on the unit interval

3.1. Cosine series representation

In Bierens (2008) I have proposed a series representation of a density h(u) on [0, 1]
based on orthonormal Legendre polynomials, because these polynomials form a
complete orthonormal sequence in the Hilbert space L?(0,1). However, the main
problem with this representation is that the Legendre polynomials have to be
computed recursively so that h(u) has no closed form expression, and neither
has the corresponding distribution function H(u) = [ h(v)dv. The same applies
to the density and distribution function representations on the basis of Hermite
polynomials advocated by Gallant and Nychka (1987).



The sequence of Legendre polynomials is not the only complete orthonormal
sequence in L%*(0,1). As is well-known, the Fourier series po(u) = 1, pp(u) =
V2sin(2kmu) if k € N is odd, pp(u) = v/2cos (2kmu) if k € N is even, is complete
in L2(0,1), and the same applies to the related cosine series po(u) = 1, pp(u) =
V2 cos (kmu) for k € N. See for example Kronmal and Tarter (1968) and Bierens
(2011) for the latter. The advantage of using the cosine series instead of the
Legendre polynomials is that then the series representations of h(u) and H(u)
have closed forms. In particular, it follows similar to Bierens (2008) that

Lemma 3.1.%) For an arbitrary density function h(u) on [0, 1] with corresponding
distribution function H(u ) there exist possibly uncountable many sequences 6 =
{6m}oo_, satisfying > >0 62, < oo such that almost everywhere (a.e.) on (0,1),

(1+>02, 5k\/_cos (kﬂu))2

h(u) = h(u|b) = T S , (3.1)
H(u) = (U|5)
U S 1+EZ - 2\/726ksm (kmu) 26281n (2kmu) (3.2)
oo k-1 oo k-1
+2225k5 sin ( k ))7T7Tu +2225k5 SlnE]({;k_n:;,irwu)
k=2 m=1 k=2 m=1

The result for H(u) follows straightforwardly from (3.1) and the well-known sine-
cosine formulas. The proof of the "a.e.” part is standard and will therefore be
given in Bierens (2011).

However, the lack of uniqueness of the é;’s is not too serious a problem because
for most applications, including the SNP discrete choice model under review, the
density h(u) involved satisfies the conditions of the following lemma.

Lemma 3.2. If a density h(u) on [0, 1] is continuous and positive on (0,1) then
it has a unique series representation (3.1), with

5, — fo 2cos (kmu) \/h du, e (3.3)
\/ u)du

Proof: Appendix A.
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Similar to Bierens (2008) the condition Y ;> 62 < oo can be imposed by
restriction the space of densities to the following space D (0, 1).

Definition 3.1. Given an a priori chosen positive sequence {65}, satisfying
% 8 <00, let A=X2_ [~8,8,] and D (0,1) = {h(ul8) : § € A}.

It has been shown in Bierens (2008) that the space A endowed with the metric
161 = 82| = /Do (61,m — O2,m)?, where & = {8 }55_; for i = 1,2, is compact,
and so is the space D (0,1) endowed with the L' metric d(hy, he) = fol |hy(u) —
ho(u)|du.

Given that the sequence {6,,}2°_, is chosen such that hy € D (0, 1), we can use
either the space D (0, 1) or the space A as the non-Euclidean parameter space.
Along the lines in Bierens (2008) it can be shown that the Euclidean parameters
0o = (v, 3)" together with the distribution function Hy in (2.3) can be estimated
consistently by a penalized nonlinear least squares sieve approach.

However, in this paper I want to focus on the asymptotic normality of the sieve
estimator of fy. As will be shown below, the latter requires that the densities (3.1)
are differentiable in u as well as twice differentiable in the 0,’s. Therefore, we need
to impose smoothness conditions on (3.1). How to do that will be shown in the
next subsection.

3.2. Smoothness

As argued before, under certain conditions and the appropriate choice of the ini-
tial guess G we may assume that the true density ho(u) corresponding to an
SNP model is uniformly continuous on [0,1]. C.f. Assumption 2.2. A suffi-
cient condition for this is that the ¢;’s in the representation (3.1) of hg(u) satisfy
> ro 1 6k] < 00, as is easy to verify. Moreover, if the true density ho(u) in an SNP
model is ¢ times continuously differentiable on (0,1) we can impose this condi-
tion by restricting the 6;’s in the representation (3.1) of ho(u) to those for which
> oo KY|6k] < oo. Again, this condition can be imposed by confining hg(u) to the
following space Dy (0,1) .

Definition 3.2. Given an ¢ € Ny and an a priori chosen positive sequence

{gg,m}?rle satisfying > -, mfgg,m < 00, let Ay = X?rle[—gﬂm,gg’m] and Dy (0,1) =
{h(ulb) : 6 € A}.

11



Thus,

Lemma 3.3. For ¢ = 0 the densities in Dy (0,1) are uniformly continuous
on [0,1], and for £ € N, h € D;(0,1), the derivatives h® (u) = d*h(u)/(du)*,
k=1,2,..,¢, are uniformly continuous on [0, 1].

Moreover, we have:

Lemma 3.4.%) Let § = {6,}%_, € Ay, 6 = {6im}>_, € Ay, i = 1,2 More-
over, denote for k = 1,...0, ||61 — &allx = oo, m¥|61.m — Sam|, A®(u]6) =
d*h(ul6)/(du)*, and let h©(u|8) = h(u|d), where the latter is defined by (3.1).
Furthermore, let Cy € (0,00) be a generic constant. Then for k = 0,1,....,¢ and
m,my, Mo € N,

sup sup }h(k)(u|(5)| < Cy,

€Ay 0<u<l

sup [A® (u|61) — h®)(u]62)] < Ci.||61 — b2 |k,

0<u<1

sup sup }th(k)(u|6)| < Cp.mF,

€Ay 0<u<l

oiulzl }th(k)(uwl) - th(k)(u|52)’ < Cp.m®.||61 — 8|1,

sup sup }le’mh(k)(uw)‘ < Cp.mimb,

€Ay 0<u<l

Oiulzl }le,mzh(k) (ul61) = Vg myh®) (ul62)| < Cr.mim5.||61 — 82||.

This lemma plays a key-role in proving asymptotic normality of the sieve
estimator of the Euclidean parameter vector 8y in the SNP Logit model.

3.3. Compactness

Note that similar to Lemma A.1 in Bierens (2008),

Lemma 3.5.%) The space A, endowed with the metric ||61—63||e = S.00_, m*|61.m—
Sa,m|, where &; = {6im }o0_y for i =1,2, is compact.

Moreover, using the same notation as in Lemma 3.4 it follows that

12



Lemma 3.6.The space D, (0,1) endowed with the Sobolev' metric dy(hy, hy) =
MaXo<m<¢ SUPg<y<1 th”) (u) — hém) (u)| is compact.

This result follows from Lemma 3.5 and the fact that for each pair hq, hy €
D,(0,1) with corresponding sequences 61 = {01,m}re_; and 82 = {0am o0 we
have dg(hl, hg) =0 <||51 - 52”@)

4. Reformulation of the SNP Logit model

4.1. The parameter space

The space A, for some ¢ € Ny, endowed with the metric |[6; — d2||, in Lemma
3.5 will now be used as the parameter space for the non-Euclidean parameter(s)
in the SNP Logit model. Also the Euclidean parameter vector 6y = (ap, 3)) is
assumed to be confined to a compact parameter space © C RP. In particular, for
notational convenience it will be assumed that © is a hypercube. Thus,

Assumption 4.1. The SNP Logit model is parametrized as Pr[Y =1|X] =
H(G((1, X")00)|60), where 0y = (v, 5)) € © = XE_,[—0;,0,], 60 € Ay for some L €
No, and H(u|b) is given in (3.2).

Next, denote for § = (64, ...,6,) € © and 6 = {0k}, € Ay,

O for k=1,....p,

§ = (0,0) = {&}3Z1, where § = { Spp for k>p+1,

& = (60,60) = {&or iy
and let

0 for k=1,...,p,

EM,}, for k>p+1, (4.1)

He = Xl?;l[_ZZ,kazé,k]a where Eé,k :{
160 =Glle = Y m'léim — Eaml, where & = {&mlpey fori=1,2. (42)
m=1

As to the metric on =;, we may combine the Euclidean metric on © with the
metric ||6; — d2||, on Ay, for example the metric ||0; — 61| + ||61 — b2||,. However,

See for example Adams and Fournier (2003).
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because (4.1) implies >, m‘]g&m < 00, we may without loss of generality en-
dow =, with the metric (4.2). This metric is convenient in deriving asymptotic
normality results, as we will see below.

Note that similar to Lemma 3.5, =, is compact. Moreover, it is not hard to
verify that

Lemma 4.1.%) H(G((1,X")0)|6) is a.s. continuous in & = (0,6) € =

4.2. The SNP Logit model in penalized least squares form

Denote

&) = (Y = H(G((1,X)9)[))” + 11(5), (4.3)

(0,6), and II(6) is a penalty function to enforce the

fis(Z,
where Z = (Y, X'), € =
2.8). In particular, I will use

quantile restrictions (
T1(8) = (w1 — H(u1]6))" + (uz — H(ua|8))" (4.4)

for given pair u; # us in (0,1). The reason for the power 4 is that then the
penalty function does not affect the asymptotic normality of the sieve estimator
of 6y, as will become clear below.

Note that by Lemma 3.4, II(6) is uniformly continuous on A,, hence by
Lemma 4.1, f,.(Z,€) is a.s. continuous on =,. Moreover, because obviously
0 < f,.(Z,&) <33, it follows that

B 11,29 <o 45

hence by the bounded convergence theorem and the compactness of =y, E[f, ;(Z, )]
is uniformly continuous on =,. Therefore

§O = arg?éiarl}E[fLs(Z> 5)] S Eb

which by Assumption 2.1 and Lemma 3.3 is unique.

In this case the parameter £° can be estimated strongly consistent by sieve
estimation, on the basis of a random sample 7, ..., Zy from the distribution of
Z = (Y, X'), as follows. Denote

S = (XZ:I[_EZ,Img&k]) X (Xioznﬂ{o}) )
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which is a sequence of sieve spaces of =y, and note that =, = U2 =, ,,, where the
bar denotes the closure. The latter follows from the fact that for any ¢ € =, there
exists a sequence &, € =y, such that lim,_,« ||£, — &||¢ = 0. Then the following
result holds.

Theorem 4.1. Let ny be an arbitrary subsequence of N satisfying limy ..o ny =
o0, and let {,, = arg mingez, , % Zjvzl fos(Z;,€). Under Assumptions 2.1 and 4.1,

||/§\,nN — &%, %5 0 for any ¢ € Ny.

This result will be proved in more general terms in the next section. As will
appear, (4.5) is a crucial condition for this result.

4.3. The SNP Logit model in penalized maximum likelihood form

Using the same notation as before, the penalized log-likelihood function of the
SNP Logit model takes the form

fur(Z,€) = Y.In(H(G((1,X")0)]0))
H(1-Y).In(1— H(G((1, X")9)|6)) — T1(6), (4.6)

where TI(8) is the penalty function (4.4). It is a standard maximum likeli-
hood exercise to verify that E[f,,, (Z,€)|X] < E[f,,,(Z,£°)|X] a.s. and that
Elf,,..(Z,8)|X] = E[f,,,(Z,£")|X] a.s. if and only if I1(§) = 0 and H(G((1, X))
16) = H(G((1, X")6)|60) a.s. As we have seen in Lemma 2.1, under Assumption
2.1 the latter implies € = 6y and 6 = 6y. Thus,

¢ = arg max B(f,,, (Z,€)]

is unique.

However, due to the logs it is possible that E[f,,, (Z,&)] = —oo for some €. For
example, suppose that X is univariate and is distributed as G, and Pr[Y = 1| X] =
G(X), so that 0y = (0,1)" and ho(u) = 1. Next, let & = (6y, 6«), where 6, is such
that H(u|6,) = u.exp(1—u~2). Because U = G(X) is uniformly [0, 1] distributed it
follows that E[f,,, (Z,&,)] = fol w.In (H(ulé,)) du—l—fol(l—u) In(1— H(ulbs)) du—
[I(6,) = —oo, where the latter is due to fol w.In (H(uléy)) du = fol u.In (u) du +
% — fol v tdu = —o0.

Nevertheless, it is possible to get around this problem, but at a price: We
now need Assumption 2.3, and we have to trade in strong consistency for weak
consistency.
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Theorem 4.2. Let ny be an arbitrary subsequence of N satisfying imy ..o ny =
oo, and let §, = argmaxees,, [y (Z;,€). Under Assumptions 2.1, 2.3 and 4.1,

plimNﬂooH/f\nN — &%y =0 for any ¢ € Ny.

Again, this result will be proved in more general terms in the next section. The
specialization of the general conditions involved to the case under review employs
the fact that

Lemma 4.2.%) Under the conditions of Theorem 4.2, E[f,,, (Z,€)] is continuous
in €°.

5. Consistency of sieve estimators

5.1. General SNP model

More generally,

Assumption 5.1. Consider an SNP model characterized by a real valued random
function f(Z,€) on =, where = is a (possibly non-Euclidean) compact metric space
with metric d(&1,&), and Z is a random vector representing the data generating
process. The support of Z is contained in a open subset Z of a Fuclidean space.
The data set involved is {Zj}j-v:l, where the Z;’s are independent replications of
Z, defined on a common probability space {2, F, P}. Moreover, for each z € Z,
f(2,€) is continuous in & € =, and for each £ € =, f(z,€) is a Borel measurable

function on Z.
Also, suppose that

Assumption 5.2. In addition to the conditions in Assumption 5.1,

(a) There exists an increasing sequence {Z,}52, of compact subspaces of = that
15 dense in =, t.e., = = U 1 5p;

(b) Fach subspace =, corresponds one-to-one to a compact subset 3, of a Fuclid-
ean space;

(c) supgez f(Z,€) <0 a.s;

(d) The parameter of interest, £® = arg maxeez E[f(Z,€)], is a unique element of
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These conditions hold for the SNP Logit case in penalized least squares form,
with f(Z,€) = —f,4(Z,€), as well as for the SNP Logit case in penalized maximum
likelihood form, with f(Z,&) = fumir(Z,€), where = = =, 2, = Zp, Ly =
Xiz1[ =€ Eer) and d(&1, &) = [[&1 — &l[e, for any £ € No.

Condition (c) may be replaced by supgcz f(Z,&) < oo a.s. because then As-
sumptions 5.1 and 5.2 still hold for fo(Z,§) = f(Z,§) — supg,c= f(Z,4)-

The roles of parts (a) and (b) of Assumption 5.2 are two-fold. First, these
conditions guarantee that, with

N

~ 1
Qn(e) = Z_; 1(2;,€), (5.1)

the computation of the sieve estimator
g, =arg geng@ (&) (5.2)

is feasible. Second, they enable us to generalize Jennrich’s (1969) Lemma 2:

Lemma 5.1.%) Under Assumption 5.1 and parts (a) and (b) of Assumption 5.2,
supeez f(2,€) and infecz f(2,€) are Borel measurable functions on Z. Moreover,

let £(z) = argmaxecs f(2,€), £(2) = argmingez f(2,£).> There exist versions of
&(z) and &(z) such that for any continuous real function ® on =, ®(£(z)) and
®(£(2)) are Borel measurable functions on Z.

An example of such a continuous function @ is the metric d(¢, &%) with £€° € =
fixed and £ variable, because by the triangular inequality |d(&1,&°) — d(&,£%)] <

d(&1,&). Hence, d(£(2), £°) is Borel measurable and therefore d(£(Z), £°) is a well-
defined random variable. The same applies to d(¢,,, £9).

5.2. Strong consistency

Recall that in the case of the SNP Logit model in least squares form we have

Assumption 5.3. Efsupg.z|f(Z,¢)]] < oc.

?Note that £(z) and/or £(z) may not be unique.
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This assumption guarantees, by the dominated convergence theorem, that

Q) = Ef(2,¢)] (5-3)

is continuous on =, so that by the compactness of =, £° € =.

The core of the strong consistency proof for the sieve estimator of £° is the
following generalization of the uniform strong law of large numbers (USLLN) of
Jennrich (1969):

Lemma 5.2. Under Assumptions 5.1 and 5.3, supgcz @N(f) — Q8] =5 0° as
N — oo, where @N(f) and Q(&) are defined by (5.1) and (5.3), respectively.

Jennrich (1969) proved this result for the case that = is a compact subset of
a Fuclidean space. However, inspecting the more detailed proof of Jennrich’s
USLLN in Bierens (2004, Appendix to Chapter 6), and applying Lemma 5.1, it
follows straightforwardly that Jennrich’s result carries over to general compact
metric spaces.

Using Lemma 5.2 it is easy to prove the following standard strong consistency
result for sieve estimators, similar to White and Wooldridge (1991).

Theorem 5.1.% Under Assumptions 5.1-5.3, d(EnN,EO) %0, where /f\n is de-
fined by (5.2) and ny is an arbitrary subsequence of the sample size N satisfying
Impy_eo Ny = 00.

Remark. Theorem 4.1 is now a straightforward corollary of Theorem 5.1. How-
ever, it is not hard to verify from the conditions of Theorem 5.1 that Theo-
rem 4.1 carries over if we replace =, by Z = © x D(0,1), where D(0,1) is
defined in Definition 3.1, the sieve spaces Z;, by Z, = © x D,(0,1) where

D,(0,1) = {h(u) = h(u|6) : § € A,} with A, = (X2 _;[=bm, Om]) X (XZ_,11{0}) ,
and the metric ||{;—&s||, by the metric ||91—92||—i-f01 |h1(u)—he(u)|du, for example.

5.3. Weak consistency under weak conditions

Suppose that in instead of Assumption 5.3 the following conditions hold.

3Note that by Lemma 5.1 the supremum involved is a well-defined random variable.
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Assumption 5.4.
) There exists an element £ € =, € # £, such that E[f

(a (2,9)] > —oc;
(b) E[f(Z,€)] is continuous in & on the space & = {€ €
E f(Z,¢

= = [f( )] =
[£(Z,8)]}, i.e., lim. g infeez, aee0y<e E[f(Z,€)] = E[f(Z,€°)).

In the case (4.6) let for example § = (0,0,0,...), as then f(Z,§) = —In(2).
Moreover, condition (b) follows from the conditions of Lemma 4.2.

The following special case of the uniform weak law of large numbers plays a
key-role in proving weak consistency of the sieve estimator involved.

Lemma 5.3.%) For K > 0, let @KN(S) == Zjvzl max(f(Z;, &), —K) and Qg (&) =
Emax(f(Z,¢),—K)|. Under Assumption 5.1 and part (c) of Assumption 5.2 there
exists a sequence Ky converging to infinity with N such that plimy . Supgcz

Qi v (€) — Qe (O] = 0.

This result is part of the proof of Theorem 10 in Bierens (2008). A slightly
improved version of the proof of Lemma 5.3 is given in Bierens (2011).
Lemma 5.3 will now be used to prove that

Theorem 5.2.Under Assumptions 5.1, 5.2 and 5.4, plimy_.c d(EnN,go) = 0,

where /f\n is defined by (5.2) and ny is an arbitrary subsequence of the sample size
N satisfying limy .o ny = 00.

Proof: Appendix A.

Remark 1. Theorem 5.2 is a substantial improvement of Theorems 10 and 11 in
Bierens (2008). Only Lemma 5.3 is taken from the proof of Theorem 10 in Bierens
(2008); the rest of the proof of Theorem 5.2 is new. The results in Bierens (2008)
were based on the assumption that for all £ € E, E[|f(Z,€)|] < oo. However, this
condition may not hold for SNP models in log-likelihood form.

Remark 2. Theorem 5.2 is (somewhat) related to Theorem 5.14 in Van der Vaart
(1998), which also allows for E[f(Z,€)] = —oo for some values of . However,

the key condition in the latter theorem is that, in our notation, @N(EHN) >

Q ~n(€%) — 0,(1), which may not hold for sieve estimators. Moreover, this theorem
also assumes compactness of the parameter space.
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6. Asymptotic normality

6.1. Introduction

As mentioned in the introduction, the conditions for asymptotic normality of sieve
estimators proposed in the literature are based on high-level and difficult to verify
assumptions. Therefore, in empirical applications it is usually assumed that the
SNP model involved represents merely a flexible functional form. See for example
Gabler et al. (1993). This is not unreasonable an assumption, as all econometric
and statistical models are approximations of data-generating processes. In our
case this assumption amounts to the condition that = = =,, for some unknown n,
so that there exists a smallest n such that = = E,,. The order n can be estimated
consistently using an information criterion similar to the well-known Hannan-
Quinn (1979) and Schwarz (1978) information criteria for the dimension of time
series models. Given an estimator ny of n satisfying limy_., Pr[ny = n] = 1,
one may treat the estimator ny as the true value. The model then becomes fully
parametric, and therefore asymptotic normality can be derived in a standard way,
provided that the SNP parameters involved are unique. This is the approach
followed by Bierens and Carvalho (2007), for example.

In this section I will propose an alternative asymptotic normality proof on
the basis of the standard mean value approach for the first-order conditions. The
problem of the expanding dimension of the mean value equations will be solved by
converting them to random functions. Asymptotic normality can then be derived
from the functional central limit theorem, and the parameters of interest can be
singled out by using projection residuals.

6.2. The model

Consider again the model in Assumptions 5.1 and 5.2, where now

Assumption 6.1. In addition to Assumptions 5.1 and 5.2,

(a) E = X32,[~&,, &, with &, a given sequence of positive numbers satisfying
o1 k‘€, < oo for some natural number £ > 1.

(b) The space E is endowed with norm ||€]|e = Y oo, Kb|&k, € = (&1, &9, &3, ....) € E,

and associated metric || — &alle, so that in Assumption 5.1, d(&1,&) = ||&1 — &l |¢;

(c) The sieve spaces involved are of the form E, = (Xp_,[—&,, &,]) % (X52,,,1{0}) -

(d) f(Z,€) is a.s. twice continuously differentiable in the components of £ =

(1,62, 83, ....) € 5
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(6) 60 = (60,1350,2750,37 ) € EIHt = Xzil(_gk’gk)ﬁ

In the SNP Logit cases (4.3) and (4.6) the non-Euclidean parameters corre-
spond to the parameter sequence 6 = {6,,} -_, in H(G((1, X")0)|6) and II1(¢). It is
not hard to verify that in these cases the second derivatives 02 f(Z, £)/(9&;,0&;,) in-
volve G((1, X")0), H(ul6), h(u|d), and derivatives of the type Oh(u|6) /08, 0*h(u|b)
/(06106,,) and Oh(u|6)/Ou. In view of the latter and Lemma 3.4, the choice £ = 1
suffices. However, to accommodate SNP models for which h(u|6) enters the ex-
pression for f(Z, &) directly the asymptotic normality results below will be derived
for a general £ > 1. L R

As before, let &, = (£,1,8n.2:Enss - Enmy 0,0,0,....) = argmaxees, , ~ Z;Vﬂ
f(Z;,€) be the sieve estimator. It will be assumed that the conditions of Theorem
5.1 or 5.2 hold, so that the sieve estimator En is weakly consistent.

Assumption 6.2. For any subsequence n of the sample size N satisfying n — oo
as N — 00, plimy_.|[&, — £°]]¢ = 0.

6.3. First-order conditions and mean value expansion

Denote fj(g) = f( f) and 50 (60 1,502,503,.. .,foﬂ,0,0,0,....). It follows from
the mean value theorem that there exist a sequence \; € [0, 1] of random variables

(depending on n and N as well) such that for k =1,...,n

N
D (Vi€ = Vi (€))

Jj=1

%\H

T z_: kf]
- = Z Veli(€) (6.1)

n N
) (% S D€+ M(E, - 52») VN (Zun = o)
m=1 j=1

In the case that n is fixed, i.e., £ = £°, it follows from part (e) of Assump-
tion 6.1 and Assumption 6.2 that limy_, . Pr[f € XP_(—&;,&)] = 1, so that
limy o0 Pr[Z;.V:l kaj@n) =0fork=1,.,n =1 However, this may not be
true for n — oco. Nevertheless,
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Lemma 6.1.% Under Assumptions 6.1 and 6.2 there ezists a sub-sequence Ky
of m, te, K, < n, lim, . K, = 0o, such that limy_ Pr[zyzl Viefi(€,) =
0for k=1,...K,|=1.

Of course, the subsequence K, is unknown, but that does not matter for the
asymptotic normality results to be derived below.
In order to convert (6.1) to a single equation in random function form, denote

Wo(u) = Zn: \/—1— Z i€, ) (u) (6.2)
Valu) = i \/—1— Z Vifi(€%) = fi(&n ))) k() (6.3)
Zn(u) = ] \/— Z Vi fi(€ ) k(w) (6.4)

D) = —Z(szk,mfj<sz+xk<2n—52>>> n(w)  (65)

where K, is the subsequence in Lemma 6.1 and the 7 (u)’s are orthogonal weight
functions on [0, 1], i.e., fol Me(w)nm(u)du = 0 for k # m. As we will see, the type

of Ng(u) is not important, but we need to require that oy = fol m(u)?du converges
fast enough to zero as k — oo. Therefore, I will choose

ne(u) = 27%v/2 cos(kmu). (6.6)

We can now write the system of equations (6.1) as

men VI (G = om) = Zulw) = Walw) = Valw) — (67)

First, note that by (6.2) and Lemma 6.1,

sup [W(u)| = 0,(1). (6.8)

0<u<1

Next, observe from (6.6) and (6.3) that E[supgc,<; |\A/n(u)|] < V2N, 27k
El| 7k f1(€%) — & f1(£2)]], which converges to zero if
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Assumption 6.3. There exists a nonnegative integer £y < ¢ such that the fol-
lowing local Lipschitz conditions hold for all k € N: E[| 7 f1(£°) — Vi f1(&2)]] <
My ||€° — €24y, where S 72 27F M), < 0o, and the sieve order n = ny is chosen
such that limy_,eo VN > 41 mbg, = 0.

Thus under Assumption 6.3,

sup [V (u)] = 0p(1). (6.9)

0<u<l1

Equation (6.7) now reads > " _, Zm(u)\/ﬁ@nm —&om) = Zo(u) + 0p(1), where
the 0,(1) term is uniform in u € [0, 1].

6.4. Weak convergence

The next step is to set forth conditions such that 2n converges weakly to a zero
mean Gaussian process Z, as follows. Suppose that

Assumption 6.4. For all k € N, E[s/;f1(£°)] = 0.

More primitive conditions for this assumption can be derived on the basis of the

dominated convergence theorem such that E[v/xf1(£°)] = Vi E[f1(£°)] = 0, where

the latter follows from the first-order conditions of a maximum of E[f;(£)] in £°.
Moreover, suppose that

Assumption 6.5. > k.27FE[(v,f1(£°))%] < oc.
Then using Theorem 8.2 in Billingsley (1968) it can be shown that

Lemma 6.2.% Under Assumptions 6.4 and 6.5, Z,, = 7 on 0,1], where Z is a
zero-mean Gaussian process with covariance function

F(ul, Ug) = E[Z(ul)Z(QQ)]

= 35 EUGRAE)) (T i (€)m(ur)m(uz). (6.10)

k=1 m=1
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Consequently, Assumptions 6.1-6.5 imply that
Z/Z)\m,TL(u)\/N(En,m - fO,m) = Z(“) (611)
m=1

6.5. Extracting the parameters of interest via projection residuals

Recall that in the case of the SNP discrete choice model the parameters g 1, ..., $o
correspond to the components of the Euclidean parameter vector 6y. Therefore,

o~

in order to determine the limiting distribution of N (/f\nl — 80,15 8np — o)
we need to eliminate > b, (u)vV'N (En,m — &om) from (6.11). A possible

m=p+1 “M,n
way to do that is to project each by, ,(u) for m < p on the space spanned by
bpt1.n(W), ..., bpn(u), and use the residuals @, ,(u) involved to wipe out the func-

~

tions byi1.,(w), ..., byn(u), as follows. Denote
Gp(u) = @ p(u), ..., Gy (),

and note that by the standard properties of projection residuals, fol an(u) (/b\pﬂ,n(u),
s bpn(W)du = Oyt and [ @ (u) (brp (1), ooy by (w))du = [ G () (1) du.
Hence by (6.7),

-~

1 fn,l—fo,l 1 R N ~
[ awaara® | | = [ (Zuw - W) = w) du

gn,p o §O7P

Now suppose that there exists a non-random RP-valued function a(u) on [0, 1]

such that .

plim [ (@,(u) —a(w)) (@, (u) — a(u))du =0 (6.12)

N—oco JO
and

/0 a(u)'a(u)du < oco. (6.13)

Then it follows that

1

plim En(u)an(u)’du:/() a(u)a(u) du, (6.14)

N—oo Jo

“Here and in the sequel Oy,m denotes the k X m zero matrix.
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as is easy to verify, whereas by (6.8), (6.9), (6.12) and Lemma 6.2,

/0 G (W) (Zn (1) — Wi(u) — Vo(u))du = [ a(u)Z(u)du.

Hence,

VNG — o By 5o,p>'$< /Ola(u)a(u)’du>

provided that
1
det (/ a(u)a(u)'du) > 0. (6.15)
0

6.6. Convergence of the projection residuals

The next step is to determine the probability limit a of a,, by specializing the
conditions of Theorem B.1 in Appendix B to the present case. According to the
latter theorem, for proving (6.12) we need to show that there exist nonrandom
functions b,,(u) such that for m =1, ..., p,

B — b | = \//01 (Bol) bm(u)>2du — o,(1), (6.16)

and that there exists a sequence p,, of positive numbers such that

n

Z P |bmn — bin|| = 0p(1) (6.17)
m=p+1
and
liminf Z Pmbm|| > 0. (6.18)
n—00 1

Then (6.12) holds, with a(u) the vector of residuals of the projections of by (u),
by(u), ..., by(u) on span({bm(u)}o_,.4) -

In view of (6.5) and (6.6), obvious candidates for the functions b,,(u) are

iE [k f1(ED)]275V2 cos(kmu) (6.19)
k=1
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Sufficient conditions for (6.16), (6.17) and (6.18) are that:
Assumption 6.6. For some 7 > 0,
(@) 35 S, (k)27 B i A(E)] < o0, and
(b) limejo 320, Do (kom) =277 Elsupye_eoj,<c | Vim f1(€) = Vrmfi(€°)[] = 0.
(¢) For at least one pair k,m € N, E[\Vkprmf1(£°)] # 0.

Note that Assumption 6.6(a) implies

/Obm(u)Qdu = ZQ_Qk(E[Vk,mfl(fo)D2

[e’e] o0 2
< (Z k‘4+2T2_2k) . (kz k—Q—TEH Tk f1(§0)|]> < 00,
k=1 =1

so that (6.13) holds. Moreover,

Lemma 6.4. Under Assumptions 6.2, 6.3 and 6.6 the conditions (6.16), (6.17)
and (6.18) hold for the by, ’s defined by (6.19), with p,, = t™/m! for somet € (0, 1)

Proof. Appendix A.

6.7. Main results

Recall that a(u) is the residual of the projection of b(u) = (b1 (w), ..., b,(u))’ on the
Hilbert space Sp9; = span({b,4+(u)}72,) spanned by the sequence {by(u)}2,,, ;-
Obviously, (6.15) holds if and only if

for all € = (&1,...,&) € R? with €€ >0, > &ubm(u) ¢ Sp3,. (6.20)
m=1

This condition is equivalent to the condition that, with S = span({bx(u)},_,),
ST NS, = {0}, (6.21)

the latter being the singleton of the zero function.
Now denote SE/T" = span({bx(u)}7_,) and recall that

81?3—1 = U%‘Llsﬁi? = (UZ":ﬁﬁiﬁ Ul
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where the bar denotes the closure, and Co = 8%, (U2, S5(T). Note that Cu

does not contain the zero function 0 because 0 € Sgﬂl for all n € N. Then (6.21)
is true if and only if

foralln € N, ST NS = {0} (6.22)
and
ST NCsx =10. (6.23)

It is easy to verify that condition (6.22) is implied by the following more
transparent and verifiable condition:

Assumption 6.7. Denote Bim = E[Vkmf1(£°)] and

61,1 Tt 61,m
Brea 0 Brem

For each n > p there exists a k > n such that rank(By ) = n.

Note that for parametric models with n-dimensional parameter vector £, Assump-
tion 6.7 reduces to the standard assumption that the matrix B, ,, is nonsingular.

Lemma 6.5. Let a,(u) be the residual of the projection of b(u) = (b1 (u), ..., by(w))’
on span({b,x(uw)}y_,). Under Assumption 6.7, fol an(u)an(uw)du is non-singular
for all n € N.

Proof. Appendix.

However, condition (6.23) is too difficult, if not impossible, to break down in
more primitive and verifiable conditions. Therefore condition (6.23) has to be
assumed, either directly or indirectly as:

Assumption 6.8. lim,, fol an(w)a,(uw)du is non-singular as well.

Note that Assumption 6.7 together with condition (6.23) imply (6.20), which

by 1 1
/0 a(w)a(u)'du = lim [ a,(u)a,(u)'du

n—oo 0

implies Assumption 6.8.
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Now we have all the necessary conditions for our main result:

Theorem 6.1. Let b,(u) be defined by (6.19), and let a(u) be the vector of
residuals of the projection of b(u) = (bi(w),...,b,(u)) on span({byrm(u)}oe_;).
Denote 0, = (§,1,--,60,) and O = (§o,1, .-, &0p)'. Under Assumptions 6.1-6.8,

-1

NG, — ) ( /0 1 a(u)a(u)’du)

N - ( /0 1a(u)a(u)'du>_1 ( /0 1 /0 1a(ul)F(ul,uQ)a(uQ)’duldug)
« ( /0 1 a(u)a(u)’du> h

with T'(uy,us) defined by (6.10).

/0 (1) Z(u)du ~ N, [0, 5],

where

Because the way asymptotic normality is proved should not matter for the
asymptotic normality result, the asymptotic variance matrix > must be invariant
for the choice of the weight functions 7, (u) defined by (6.6). On the other hand,
different specifications of ng(u) yield different functions /l;mn(u) and therefore dif-
ferent residual vectors @, (u). Thus, at first sight the result of Theorem 6.1 seems
paradoxical.

This paradox will be solved by constructing a consistent estimator of X, as

follows.

6.8. A consistent variance estimator

To estimate X consistently, we need a consistent estimator of the covariance func-
tion I'(u1, uz). The expression for the latter in (6.10) suggests the estimator

T (us, uz) = Y % Z(kaj(gn))(mej(gn»nk(ul)nm(uQ)'

k=1 m=1 j=1

To prove the uniform consistency of ', (u1, us) we need the condition that
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Assumption 6.9. lim. o Y7 27" Elsupye_co),<.(Vrf1(§) = Vi f1(£°))*] =0
Then it is not hard to verify that

Lemma 6.6.") Under Assumptions 6.2, 6.5 and 6.9, plimy_ SUD (4 u2)€[0,1] x[0,1]
|Fn(U1,UQ) F(ul,u2)| =0.

Next, modify (6.5) to

n

D (1) = ( ~ Z V(€ )) e (1), (6.24)

k=1

and let now @, (u) be based on (6.24). Then obviously Lemma 6.4 carries over, so
that (6.14) carries over, hence under the conditions of Theorem 6.1 and Lemma

6.6,
5, = ( /0 lan(u)an(u)’du> ( /0 lan(ul)fn(ul,u2)an(u2)'du1du2>

x ( /0 15n(u)6n(u)'du> h (6.25)

is a consistent estimator of Y.

-1

Theorem 6. 2( Let the conditions of Theorem 6.1 hold and let n > p. De-
note Bm = % Xoje Vi i(€n)s Tum = & S5es (Vifi(€)) (Vi €)), and con-
sider the matrices Bln = (5km, k=1,..,n m=1,..p), Bon = (Brm; k=
1,.om, m=p+1,...,n), B, (Bln,an) and C,, = Vems ksm = 1,...,n).
Suppose that rank(B,) = n. Then the matriz S, in (6.25) takes the form

A~ ~ A~

%, = (B, M,By,) "B}, M,Cp,M, B (B, ,, M, B ,)",
where M, = I, — égn(éénégn)_léén

The proof of Theorem 6.2 involves tedious but quite standard linear algebra ex-
ercises, and will therefore be given in Bierens (2011).

Thus, the estimator f]n appears to be same as the standard variance estimator
in the fixed n case, and therefore ¥ is invariant for the choice of the weight
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functions 7 (u) as long as asymptotic normality is preserved. This result confirms
similar conclusions by Newey (1994), Ai and Chen (2007), Ackerberg et al. (2010)
and Ichimura and Lee (2010).

7. Verifying the asymptotic normality conditions for the
SNP Logit model

7.1. Does the quantile penalty function matter for asymptotic normal-
ity?

It follows from (4.4) that V,II(6g) = 0, VimII(6) = 0, and by Lemma 3.4 that

there exists a constant C' such that

sup |ViII(8)] = iug VI (6) — ViII(60)| < C.||6 — bollo,
€

keN
sup |VinIl(8)] = sup |[Vinll(8) — VinIL(6)| = C.||6 — dollo-
k,meN k,meN

It is now easy to verify from Section 6 that the penalty function II (6) has neither
an effect on the functions b,,(u) defined in (6.19) nor on the Gaussian process
Z in Lemma 6.2, and therefore has no effect on the asymptotic normality of /H\n.

That would have been different if we had chosen IT(§) = (H(uy]6) — uy)? +
(H(ug|6) — ug)? for example, because in that case Vi, ,,I1(8) > 0, so that the
functions b,,(u) would depend on V. ,,I1(6p).

7.2. The SNP Logit model in least squares form

Because we may ignore the penalty function, the function f(Z,¢) in Assumption
6.1 for the SNP Logit model in least squares form is now

£(2,6) = f(Z,(0,8)) = — (Y — H(G((1,X")0)]6))*, Z = (Y,X'),

where (0,6) € © x A, with £ to be determined.
Using Lemma 3.4 and the mean value theorem it can be shown that

Lemma 7.1.%) Under the conditions of Theorem 4.1 we have:

(a) suppen | Vif(Z,€) = Vi f(Z,8°)] < C.(1+ || X[))?[I€ = &°llo for some constant
C;

(b) E[Vif(Z,£°)] =0 for all k € N;
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(¢) suppen E[(Vif(Z,%))%] < oo
(d) lim, o supgey Elsupe_go)j<c(Vrf1(€) — Ve fi(€9))?] = 0.

Consequently, Assumptions 6.3, 6.4, 6.5 and 6.9 hold, with /; = 0 in Assumption
6.3.

The next condition is needed in part (c) of Lemma 7.2 below.

Assumption 7.1. The functions

0 [ ViH(ulb)
w(l=u)z, {u(1—u).h(u|5o)}’ kel

are not constant on (0,1).

The plausibility of this assumption can be verified from the expression for hy(u) =
h(u|bo) in (3.1).
It can now be shown that

Lemma 7.2.%) Under the conditions of Theorem 4.1 we have:

(@) lim, o sup)e_goj|, <c SUPk men El|Vimf(Z,6) = Vimf(Z,€)]] = 0;
(b) supy, e | Viem f(Z,£%)] < C.(1+ || X|])? for some constant C';
(¢) The matriz B,, in Assumption 6.7 takes the form

By = =2 | (G0, X006 (1. X000 (¢ o )]

and is nonsingular.” Moreover, under Assumption 7.1 the matrices By pik, k €

N, are nonsingular;
(d) EVripiipf(Z,6)] # 0 for all k € N.

It follows now from Lemmas 7.1 and 7.2 that
Theorem 7.1. Under the conditions of Theorem 4.1 and Assumptions 6.8 and

7.1 all the conditions of Theorems 6.1 and 6.2 are satisfied for the SNP Logit
model in least squares form, with { =1 and o = 0.

®Due to Assumption 2.1.

31



7.3. The SNP Logit model in log-likelihood form

The function f(Z,€) for the SNP Logit model in log-likelihood form without
penalty takes the form

[(Z,§) = [f(Z,(0,0))
= Yin(H(G((1,X)0)[6)) + (1 =Y)In (1 — H (G((1, X")0)[6)),

where again Z = (Y, X') and £ = (6,6) € © x A, for some ¢ > 1.
Similar to Lemma 7.1 it can be shown (after some tedious derivations) that

Lemma 7.3.%) Under the conditions of Theorem 4.2 we have:

(a) There exist constants C and d such that sup,ey |Vif(Z,€) — Vif(Z,6%)| <
C.(L+[IXIN2E = &M if 1€ — &0 < d;

(b) E[Vif(Z,£%] =0 for all k € N;

(¢) supgen E[(Vif(Z,€°))%] < oo;

(d) lime o supgen Elsupe o< (Vi f1(8) — Vif1(%))?] = 0.

Thus again, Assumptions 6.3, 6.4, 6.5 and 6.8 hold, with £, = 0 in Assumption

6.3.
Next, suppose now that instead of Assumption 7.1,

Assumption 7.2. The functions

u(l —u) { (Hed 1~ H(U|5o))>2 Vi H (ul00) } ke,

ou u(l —u) h (uldo)
are not constant on (0,1).
Then after tedious derivations it can be shown that

Lemma 7.4.%) Under the conditions of Theorem 4.2 we have:

(@) lim, o sup)e_goj, <c SUPk men El|Vimf(Z,8) = Vimf(Z, )] = 0;
(b) supy, e | Viem f(Z,€%)] < C.(1 4 || X[])? for some constant C
(¢) The matriz B, , in Assumption 6.7 takes the form

Byy=—E (A(G((1, X")00) 60) G (1, X")b0))? <1 X' )
H (G((1,X")00)160) (1 — H (G((1,X")0)[60)) \ X XX' )|
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which nonsingular. Moreover, under Assumption 7.2 the matrices Bpikpik, k €
N, are nonsingular.
(d) EVxipiipf(Z,6)] #0 for all k € N.

Thus it follows from Lemmas 7.3 and 7.4 that

Theorem 7.2. Under the conditions of Theorem 4.2 and Assumptions 6.8 and
7.2 all the conditions of Theorems 6.1 and 6.2 are satisfied for the SNP Logit
model in log-likelihood form, with £ =1 and ¢y = 0.

8. Conclusions

In this paper I have shown that consistency of sieve estimators requires only a
few mild conditions, without relying directly on a uniform law of large numbers
[c.f. Lemma 5.2, and that the sieve estimators of the Euclidean parameters are
asymptotically normally distributed similar to the standard finite dimensional M-
estimation approach. The latter is my main contribution to the sieve estimation
literature. Although asymptotic normality of sieve estimators has already been
established in the literature, albeit under high-level conditions, the novelty in
this paper is the alternative way asymptotic normality is proved and the weak
conditions involved. Of course, the trade off is that the approach in this paper is
confined to smooth SNP models for which the infinite-dimensional parameter is
confined to a pre-specified compact metric space, which is less general than the
standard conditions in the sieve estimation literature. See Chen (2007) for the
latter.

The results in this paper are motivated and illustrated by an SNP discrete
choice model. However, my results are applicable to most SNP models based
on series expansions of unknown functions. For example, consider the monotone
index regression model E[Y|X] = f(a+ (#'X), where f(z) is a strictly monotonic
increasing continuous function on R. Then we can write f(z) = G '(H(G(z))),
where G is an a priori chosen distribution function on R with inverse G~ and
H(u) is a distribution function on the unit interval. This model is identified under
the same conditions as the SNP discrete choice model, and can be estimated by
penalized sieve least squares.

Similarly, my approach is applicable to copula models with SNP marginal
distributions. See Chen et al. (2006). However, translating the conditions in the
latter paper to mine is beyond the scope and size limitation of the current paper.
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As mentioned in the introduction, another example of an SNP model is the
mixed proportional hazard (MPH) model. In Bierens (2008) I have shown that
the interval censored MPH model is identified under similar conditions as for the
SNP discrete choice model and that under these conditions the sieve estimators
of the Euclidean parameters and the unobserved heterogeneity distribution are
consistent. Therefore, it seems that the asymptotic normality results in the cur-
rent paper are applicable as well. However, an issue with the uncensored single
spell MPH model is that for particular specifications of the baseline hazard its
efficiency bound is singular, which implies that any consistent estimator of the
Fuclidean parameter vector in the MPH model involved converges at a slower
rate than the square root of the sample size. See Newey (1990) for a general
review of efficiency bounds, and Hahn (1994) and Ridder and Woutersen (2003)
for the efficiency bound of the MPH model. On the other hand, Hahn (1994) has
also shown that in general the multiple spell MPH model does not suffer from
this problem, which is confirmed by the estimation results of Bierens and Car-
valho (2007). Thus, Assumptions 6.7 and/or 6.8 may not hold for the single spell
MPH model, but investigating this issue further is also beyond the scope and size
limitation of the current paper.

Although the results in this paper are based on the i.i.d. assumption, they
can be extended straightforwardly to SNP time series models. All we need is to
generalize the uniform strong law of large numbers in Lemma 5.2 to the time
series case, for example by assuming ergodicity, and to replace the reference to
the standard central limit theorem in the proof of Lemma 6.2 in Bierens (2011)
by the martingale difference central limit theorem of McLeish (1974).6

9. Appendix A: Proofs

9.1. Proof of Lemma 3.2
The density h(u) in (3.1) can be written as h(u) = n(u)?/ fol n(v)?dv, where

n(u) =1+ Z bmV/2 cos (mmu) a.e. on (0,1). (9.1)

m=1

Because for each k the derivatives 5/ f;(€°) in (6.1) are then martingale differences, with j
the time index.
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Moreover, it follows from the argument in Bierens (2008) that in general,

o Jy (Itue B) ~ I(u € [0,1\B)) v2cos (mmu) /A{u)du
" I (I(w e B) — I(u € [0,1\B)) /h(w)du !

JHZIW - /0 (I(u € B) = I(u € [0, 1\B)) v/h(u)du.

for some Borel set B satisfying fol (I(ue B)—I(u € [0,1\B)) /h(u)du > 0,
hence

(9.2)

n(u) = (I(w € B) — I(u € [0,1\B)) /h(u), | 1+ > &2, (9.3)

Next, let

() = (T+ >0 1 0m \/_cos(mﬂu B // i (0) 2o,

1+Zm 1 m

where

Mn(u) = 1+ Z SmV/2 cos (mau)

= (I(uwe B)—I(ue[0,1\B)) v/ha(u), |1+ Z 8. (9.4)

and note that by (3.1),

h(u) = nhﬂrglo hn(u) a.e. on [0, 1]. (9.5)

Now let S C [0, 1] be the set with Lebesgue measure zero on which (9.5) fails

to hold. Then for any ug € (0,1)\S, lim, o hn(ug) = h(ug) > 0, hence for a

sufficiently large n, h,(ug) > 0. Because obviously h,(u) and 7, (u) are continuous

n (0,1), for such an n there exists a small €, (uy) > 0 such that A, (u) > 0 for all
u € (up — enluo), uo + n(up)) N (0,1), and therefore

I(uwe B)—I(ue0,1\B) = 1n(¥) (9.6)

Vi ¢1+Zm | 82,
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is continuous on (uy — €,(uo), uo + €n(up)) N (0,1). Substituting (9.6) in (9.3) it
follows now that n(u) is continuous on (ug — e, (uo), ug + €,(up)) N (0, 1), hence by
the arbitrariness of uy € (0,1)/S, n(u) is continuous on (0, 1).

Next, suppose that n(u) takes positive and negative values on (0, 1). Then by
the continuity of n(u) on (0, 1) there exists a uy € (0,1) for which n(up) = 0 and
thus h(ug) = 0, which however is excluded by the condition that h(u) > 0 on
(0,1). Therefore, either n(u) > 0 for all u € (0,1) or 77( ) <0 for all u € (0,1).
However, the latter is excluded because by (9.1) fo u)du = 1. Thus, n(u) > 0

n (0, 1), so that by (9.3), I(u € B) — I(u € [O 1\B) = 1 on (0,1), hence by

(9.2),
5 fo 2cos (mmu) \/h du
" \/ du

9.2. Proof of Theorem 5.2

First, observe that (U ,=,) NE = U2, (E,NE) C UX,(Z,NE), hence
ENE= (U2, NECUX(E,NE).

Because £ € Z N Z it follows therefore that, for sufficient large n, say n > n,
each space Z,, N Z contains an element &, such that lim, .., d(&,,£%) = 0, hence
by the continuity of the function Q(¢) = E[f(Z,£)] in €° [c.f. condition (b) in
Assumption 5.4], lim,, . Q(&,) = Q(£°). Thus, for an arbitrary & > 0 there exists

an n(e) such that Q(fn(a ) > Q(€°) — 5/2
Recall that Qn(&,y) = Subeez, Qn(6) > Qn(&ue) if ny > n(e), where

Q ~ (&) is defined by (5.1). Moreover, it follows from condition (c) of Assumption
5.2 and condition (a) of Assumption 5.4 that E[|f(Z,&ne))|] = —E[f(Z,&ne))] <

—E[f(Z,£)] < o0, so that by Kolmogorov s Strong law of large numbers, Qn(&n(e))

a_g) @(gn ) Thus for N — 0, QN(&nN) > QN(gn(e ) Q(gn(e ) > Q(fo) - 8/2
Furthermore, it follows from Lemma 5.3 that plimy_.(Q Kn.N N(E, BEr (§nN)) =
0, whereas by Jensen’s inequality and the convexity of the functlon max(z, — K),

@KN,N(EW) > maX(@N(EnN), —Kn) > @N(EHN). Hence for N — oo,

-~

QrnCny) = Qe Enn) = Qran(Eny) + Qryn (Eny)
= Qryn(Eny) +0p(1) > Qn(E,,) +0p(1)
> Q&) +0p(1) > Q(E%) — /2 + 0,(1).
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Thus,
Jlim Pr[Qg, (€,,) > Q") —¢| = 1. (9.7)
Recall that convergence in probability is equivalent to a.s. convergence along

a further subsequence Ny, say, of an arbitrary subsequence of N. Thus, it follows
from (9.7) that there exists a set A € F with P(A) = 1 such that for all w € A,

lim 1 (Qucy, (G, @) > Q) —2) =1 (98)

Now let &.(w) € = be a limit point of the Sequenceg ( ). Then there ex-
ists a further subsequence of Ny, say Ny, possibly dependmg on w, such that

lim,, o0 d(/‘g”\ (W), &(w)) = 0, hence for any fixed K > 0, lim,, QK(ank( |

"Ne(m)
(w)) = Q& (w)), due to the continuity of Qx(£). Because for Ky, > K,
QKNk (&) < Qg (&), it follows now from (9.8) that for arbitrary K > 0, Q¢ (&.(w)) >

Q(£%) —¢. The latter implies that Q(&,(w)) > Q(£°)—¢, because — max(f(z, £, (w)),
—K) is non-negative and non-decreasing in K, so that by monotone convergence,
limg oo Qp(€x(w)) = Q(&(w)). Because e > 0 was arbitrary it follows now that
Q(&,.(w)) = Q(&£°), which by the uniqueness of ¢° implies that &, (w) = £°. Thus,
all the limit points of Emvk (w) are equal to £°, hence limy .o d(/f\nNk .89 =0 as.,

which implies plimy_ d(EnN, &%) = 0.

9.3. Proof of Lemma 6.4
Note that if we choose p,, such that >~ °_, p,, < oo then (6.16) and (6.17) hold if

Z pmem,n - bmH2 = Op(l)? (99)
m=1

which is easier to handle.

Suppose that the sequence p,, can be chosen such that >~ °_ m
Then it follows from (6.24) and (6.19) that

Z pm||/b\m,n - bmH2
m=1
n n N 2
=2 2% pm (% > Vi€ + Ml — €) E[vk,mf1<€°>]>
k=1 m=1 j=1
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+ Z 2" 2’“me (Ve f1(E)])

k=n+1
<92 (i k4+272—2k) (Z m4+27pm)
11@_]\1] L m=1 2
o (N 3 (Z z:l k2T 2 | £ (€0 + M€ — €2)) = Vi 3 (€°) D)
7=1 k=1 m=
+2 3 fAH2T 2k S m
(Zree) (Ereon)
N [c’eNe"e} ?
y (% 3 (Z Y R TTm T (Ve fi(60) — E[Vimfi <€°>])>>
j=1 k=1 m=1
+ ( Z k’4+2T2_2k> (Z m4+27'pm> (Z Z ]{I_Q_Tm_Q_TEH Vkm fl(é'o)’])
k—nt1 m=1 k=1 m=1

Because by Assumption 6.6(a) and Kolmogorov’s strong law of large number,

%Z (Z Z k=2 Ty 2T (Vk,mfj(&o) o E[vkmfl(go)])) .

j=1 \k=1 m=1

and limy, o0 D o, K427272F =0, 37 m* ¥ p,, < o0, it follows that

meugm,n o bm||2 <2 (Z k,4+27—2—2k> <Z m4+27pm> 512\7 + Op(l)
m=1 k=1 m=1
where
1 N 0o 0 R
Sno= % ( S R e 560+ M — €0) — Vk,mfj(fo)‘)
j=1 \k=1m=1
= Sl (|0 = &lle <€) + S (16— €°lle > <)
oo 00 1 N
< Z Z ]{7_2_Tm_2_TN sup ’Vk,mfj(g) - Vk,mfj(fo)‘ + Op(l)
k=1 m=1 =1 [1€=€0le<e
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It follows now from Assumption 6.6(b) and Chebyshev’s inequality for first mo-
ments that Sy = 0,(1), which proves (9.9).

Now observe that > m**?7¢™ /m! < oo for arbitraryt € (0,1), so that (9.9)
holds for p,, = t™/m!. Thus for arbitrary ¢ € (0,1), >, & " [y — b |2 = 0,(1).
The purpose of ¢t will become clear below.

As to condition (6.18), observe from (6.6) and (6.19) that

n o0 2
. . tm
hmnlilgo Z 22 2k< Z ﬁE[Vk,mfl(ﬁo)O
—p+1 m=p+1

hence (6.18) holds if for some ¢ € (0, 1) there exists at least one k& € N such that
> omepi1 /M) E[7em f1(§7)] # 0. This is the case under Assumption 6.6(c).
To see this, suppose that for the £ in Assumption 6.6(c) and all t € (0,1),

S pH(tS/s VE[Vk.sf1(£%)] = 0. Then for all ¢ € (0,1),

drm > © 1
~ (dtyptm 21 _E (Vrsfr(€ ZO QE [ k,s4prmf1(E0)],
S=p s=l

hence by the continuity of the latter, letting ¢ | 0 it follows that E[/k pm f1(£°)] =
0, which contradicts Assumption 6.6(c).
9.4. Proof of Lemma 6.5

For n > p and k > n, partition the matrix By, in Assumption 6.8 as By, =
(B1 kns B2kn) where By, is the matrix of the first p columns of By ,,. Denote

or() = ((w), o (), By = / ou(w)pu () du,

and recall that n(u) = 27%v/2cos(kru), so that &, = diag(27*,274,...,272%) .
Moreover, denote

bem (1) = =) or(u), m=1,2,...,n

where by, is column m of By, and observe from (6.19) that

[e.9]

b (@) = b (@) = 3 2" B[ i (€)] V2 cos(mmu)

m=k+1
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so that by Assumption 6.6(a),

lim sup |bm(u) — bgm(u)| = 0.

k—o0 g<u<i

Next denote

b (w) = (B (1), o (1) s 02 (1) = (B (W), ey b (1))

Then
1 2
b () = = Blnr(w), B () = =Bhyuion(u)
The residual ag,(u) of the projection of bg)(u) on span (bg) (u)) takes the form

apn(u) = b (w) — Qb (1) = =By, on (1) + QuBh . or(w)

where
-1

Qn = BLk?n@kBQ,k,n (Bé,k,n¢kB27k7n) (910)

Hence

1
/ ag.n(v)ag,(uw) du
0
= By ®kBign — B ®iBajn (Bhyun®Bokn) " Bhpn®iBign(9.11)

which is non-singular because

(9.12)

Blg’nCI)kBk’n — ( Bi,k,nq)kBl,k,n Bi,k,nq)kBQ,k,n )

! /
By b n®kBikn B n Pk Bikn

is nonsingular, and the upper-left block of the inverse of (9.12) is just the inverse
of the matrix (9.11).

Finally, note that
limy oo B} . @k B1jgn limg oo B, ®xB
: ! _ —oo 1 kg n*kPLkn k—oo L1 kn*kDP2,kn
A By @i B = ( im0 By 4y @k Bujes limy—o0 Bh y n @1 B1jon

is nonsingular, and therefore so is
1

1
/ an(u)an,(u) du = klim (W) ag n(u) du
0 —>Jo

. !/
= lim Blknq)kBl,k,n
k—oo ”

-1
— (Jim B ®Bokn) (Jim By, ®Bogn)  (lim Bhy, @B ) -
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10. Appendix B: Projections on a Hilbert space spanned by
random elements

Theorem B.1. Let Yy and X y, Xon, ..., Xy, n be random elements of a Hilbert
space 'H on the basis on a sample of size N, where n 1is a subsequence of N.
Let Y, n be the projection of Yn on span({Xmn}r—1), with residual U,y =
Yy — }Afn, ~N- Suppose that the following conditions hold.

(a) There ezists a non-random element y of H such that

Blim YN —y|| =0. (10.1)

(b) There exist a sequence {xm,}oo_, of non-random elements of H and a sequence
{pm}_, of positive numbers such that

Enm > ol Xy = 2l =0 (10.2)
—00 —1
and
liminf mexm > 0. (10.3)
m=1
Then plimNHooH}A/n,N —yll = 0 and plimy_.||Unn — u|| = 0, where ¥y is the

projection of y on span({x,,}5°_,) and u =1y — ¥y is the residual involved.

Proof: Note that ||V, v =1 = [|(Yy=Unn) = (y—w)|| = ||(u=Unn)—(Yn—y)|| <
|Un.n —ul|+||Yn —y||, hence by condition (10.1), ||§/}nzv—§|| < ||Up.n—ul|+0,(1).
Therefore it suffices to prove ||U, n — u|| = 0,(1), as follows.

Let 37”7]\; be the projection of y on span({X,, y}1_;), with residual ﬁn,N =
Yy — ffn,N, and let g, be the projection of y on span({z,}",_,), with residual
Up = Y — Yn. Then by the triangular inequality, ||Unn — tn|| < ||Unn — ﬁnNH +

||, — Up.n||- It will be shown that
[Un,v = Uil = 0p(1) (10.4)
and B N
|9 = Yol = llun — Unnl| = 0p(1). (10.5)
Because lim,, . ||y — ¥|| = 0 and thus lim,, . ||u, — u|| = 0, the result of the

theorem under review then follows from (10.4) and (10.5).
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Proof of (10.4)
Denote the angle between two elements =z and y of H by ¢(x,y). Recall that

cos(e(x,y)) = (w,y)/(|[2]|-lyl]). which implies that
sin? (9(Vov, Vo)) = 0l 2/, sin® (0w, V) ) = 1T/l

cos (¢(Vw, V) = II%a, + 08 (9(y: Vo)) = [V |/ Iyl

Using these formulas we can write
15 = T2 = U112+ [Tl = 2 (U O )
= [[Yal[sin? (@(Ya, Vo)) + Iyl sin? (9(y, Vi) ) =2 (Unovs U )
= 1Y+ llyl 2 = Y] 2 cos? (0¥, V) ) = llyl|* cos? (o(y, V)
-2 <Un,Na ﬁnN>
=¥ = yII* = [[¥u ] cos? (¥, Vo)) = 18] cos” ((o(. Vo)
+2 (Y, 4} = 2 (Un v, Uny )
and
(Unvs U ) = (U, U+ Vo) = (U, )
= (U + Yo, y) — Yoo y) = (Ya, y) — Vv, )
I

= (Yv,y) — cos (sO(y, )) Y.,
= (¥xy) — cos (p(y. )cos( (Yo, Vo)) ol 1Y
> (Yiv.y) — cos (s, nN)co (9o Vo)) llwl111Y

where the inequality follows from cos (gp(y, Yon )) < cos (gp(y, 17”7 N)) . Thus

Uy = Tl P < ¥ =yl
~ ~ 2
= (Il cos (¥, Ya) ) = Ilyll cos (e(y, Vo)) )
< Y =yl = 0p(1)
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where the 0,(1) term is due to condition (10.1). This proves (10.4).

Proof of (10.5)
Let ry = x; and for m > 2, let r,, be the residual of the projection of x,, on
span(z1, ..., Ty,—1). Denote e, = ||rm|| " rm if [|rm|] > 0 and e, = 0 if ||r,,|| = 0.
Similarly, let Ry y = X n and for m = 2,...,n, let R,, v be the residual of the
projection of X,, y on span(X;j n, ..., X;n—1,n). Note that by condition (10.2),
[|Rn.n — Tml|| = 0,(1). (10.6)

Denote é\myN = HRm,NHilRm,N if HRW%NH > 0, and /€\m7N =0 if HRW%NH = 0.
Then we can write J, = > | e, where a,, = (Y, €,) and > >0 a2 < 00,
and Y, n = > | G NEm,N, Where Gy = (Y, €mn) -

It follows from the trivial equalities ||7, =Yy n[* = [|Yo,n|[*+[Unl*—=2(Un, Yan)
and @\mYn,N)N: @\nay_Un,N) = ||37n||2_@\m Un,N> that ||3/J\n_Yn,N||2 = ||Yn,N||2_
||Fnl? + 2(Un, Un.n). Moreover, using the Cauchy-Schwarz inequality and the fact

that ||U, || < [|y]|, it follows that
<Zaml(llemll > 0>em,ff'n,N>

(5} = <ZU>\
= <iamI(||em||>O)(6m—é\m,N),ﬁn,N>
m=1

Z am([len|] > 0)(em — €mn)
m=1

S ||(7n,N

< lyll- D amI(llemll > 0)(em — Emn)
m=1

k
< Myl | amI([emll > 0)(em — m,n)
m=1

m=k—+1 o
Moreover, note that by (10.6), (e, —€mn)I (||em|] > 0) = (||[rm|| ™ 7m — || R ||
R ) I(||rml] > 0) = 0,(1), hence for m < k, || °F _ amI(|lem|| > 0)(em —
emN)|| = 0p(1). Consequently, (4, U, n) = 0,(1) and thus

1 = Yol = [Yan|* = [[5a]* + 0p(1)- (10.7)

Given an arbitrary € > 0 we can choose k so large that 2||y||,/> 2 <e.
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The next step is to show that

Yo nll < [|gnll + 0p(1), (10.8)
as follows. Note that
n 2
Unl? = inf |y— X
Un, v | Loty mZ::lﬂ N

2

y— A Z ngm,N
m=1

— inf 2 <yaznm:1€me,N> 2
= in yll” — D
(€10 Xy ] 1>t En X

(¥ Dt En X))’

— i - n _ )
(§1,~~,£n)’exfn:1[—Pm,Pm] ||Zm:1 ngm,NH
and ||y||? = ||V + Unnl®> = |[Yan|)? + [|[Unn|[?, so that
% it Em X))
Vo2 = sup ({8 2 s En X)) (10.9)

(&-1 ----- én),exkzl[_pmd)m] HZ:;LZ]. é-me,NH2

Because without loss of generality we may assume that for the optimal &,,’s,
W, > &mXmn) > 0, it follows from (10.9) that

<ya ZZL:l ngm,N>

Yol = sup Z . (10.10)
(51,-~7§n)’€xfn:1[—pm,Pm] ||Zm:1 é-me,NH
and similarly,
~ Y, Z: EmTm
|[Ynl| = sup 9 2 e ) (10.11)

(€ X2y o] 2ot EmTm|
Note that by condition (10.3) at least one x,, is non-zero, so that (10.10) and
(10.11) are well-defined for sufficiently large n.

The ratios in (10.10) and (10.11) are scale-invariant. Therefore, without loss
of generality we may impose the normalization

n
> &nm
m=1

n

Z PmTm

m=1

=M, = , (10.12)

1
2
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for example. Note that (10.12) is compatible with (&1, ...,&,)" € X% _i[—pms Pm)-
Thus, denoting
= Mn} )

D Sntn
m=1
the expressions (10.10) and (10.11) are equivalent to

| — sup <y7 Z:@:1 ngm,N>
(€1ye-€n) €EER HZ:nzl mem,NH

En = {(517 "'7571)/ S XZzzl[_mepm] :

1Yo

(10.13)

and

[Unl] = sup . ngzlgmmm, (10.14)
€)' €En 1D me1 EmTm]

respectively. Moreover, note that for (&, ...,&,)" € E,,

Z ngm,N
m=1

Z gm(Xm,N - xm)

2 2

i:l b (XN — Tm) + i:l EmTm
zi:l e
4 <z Xy — ). Zémm>
z i

Z gm(Xm,N - xm)
m=1

2

2
+

2 2
+

Z gm(Xm,N - xm)
m=1

-2

n
Z gmxm
m=1

Z gm(Xm,N - xm)

m=1

2

> (X = Tm)|| + M —2M,
m=1

- ak

n 2 n 2
121 EnXm v | > 12 et En( XN — ) | 1
M? - M,

Z fm(Xm,N - xm)
m=1

hence
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Because |30 _ &n(Xmn — zm)|| < D20 pml| XN — Zm|| = 0,(1), where the
latter follows from (10.2), and by (10.3), liminf,_ .., M, > 0, it follows now that
with probability converging to 1,

2t &n Xl oy 2t Pl [ Xom v — 2|
M,, - M,, ’

(10.15)

Finally, observe from (10.12), (10.13), (10.14) and (10.15) that with probability
converging to 1,

<y7 22:1 ngm,N> % ||Z;:1 g’me,NH
12 et Em Xl 112 et Emml|
. (y, Zzzl Em (XN — Trm)) }

Gl = swp {

(€1,--,6n) €ER

”Z:anl EmTml|
(€1ye-€n) €EER ”Zmzl ngm,N” Mn
_HyHZZﬂ Pl XN = T |
M,
> (1 - Zmzl pmHXm,N - xm”) Sup <y7 an:1 ngm,N>
Mn (&-1 ----- én)/egn ||Zm:1 ngm,N|
_HyHZZﬂ Pl XN — T |
M,
Zn—lpmHXmN_me oy Zn—lpmHXmN_me
— 1 _ m= ’ Yn _ m= )
( & 1l ) 2=t Ll
v Zm: pm||Xm,N — Tp|
> [Tl — 2y = 2o , (10.16)

where the last inequality follows from ||Y,, v|| < ||y||. Because by condition (10.3),
liminf,, ., M, > 0, it follows from (10.2) and (10.16) that (10.8) holds. The latter
together with (10.7) imply (10.5).

References

Ackerberg, D., X. Chen & J. Hahn (2010), ” A Practical Asymptotic Variance
Estimator for Two-Step Semiparametric Estimators”, forthcoming in the Review
of Economics and Statistics.

Adams, R.A. & J.J.F. Fournier (2003), Sobolev Spaces. Academic Press.

46



Ai, C. & X. Chen (2007), ”Estimation of Possibly Misspecified Semiparametric
Conditional Moment Restriction Models with Different Conditioning Variables”,
Journal of Econometrics 141, 5-43.

Andrews, D.W.K. (1994), ” Asymptotics for Semiparametric Econometric Mod-
els Via Stochastic Equicontinuity”, Econometrica 62, 43-72.

Bickel, P.J., C.A.J. Klaassen, Y. Ritov & J.A. Wellner (1998), Efficient and
Adaptive Estimation for Semiparametric Models, Springer.

Bierens, H.J. (2004), Introduction to the Mathematical and Statistical Foun-
dations of Econometrics. Cambridge University Press.

Bierens, H.J. (2008), ”Semi-Nonparametric Interval-Censored Mixed Propor-
tional Hazard Models: Identification and Consistency Results”, Econometric The-
ory 24, 749-794.

Bierens, H.J. (2011), ”Separate Appendix to: Consistency and Asymptotic
Normality of Sieve Estimators Under Weak and Verifiable Conditions”. http://
econ.la.psu.edu/hbierens/SNPMODELS A.PDF

Bierens, H.J. & J. R. Carvalho (2007), ” Semi-Nonparametric Competing Risks
Analysis of Recidivism”, Journal of Applied Econometrics 22, 971-993.

Billingsley, P. (1968), Convergence of Probability Measures. John Wiley.

Chen, X. (2007), "Large Sample Sieve Estimation of Semi-Nonparametric
Models”. In J. Heckman & E. Leamer (eds.), Handbook of Econometrics, Vol.
6, Ch. 76. Elsevier.

Chen, X. (2011), ”Penalized Sieve Estimation and Inference of Semi-Nonpara-
metric Dynamic Models: A Selective Review”, Cowles Foundation discussion pa-
per no. 2804, Yale University.

Chen, X. and X. Shen (1998), ”Sieve Extremum Estimates for Weakly Depen-
dent Data,” Econometrica 66, 289-314.

Chen, X., O. Linton & I. Van Keilegom (2003), ” Estimation of Semiparametric
Models when the Criterion Function is Not Smooth”, FEconometrica, 71, 1591-
1608.

Chen, X., Y. Fan & V. Tsyrennikov (2006), ”Efficient Estimation of Semipara-
metric Multivariate Copula Models”, Journal of the American Statistical Associ-
ation, 101, 1228-1240.

Eastwood, B.J. & A.R. Gallant (1991), ” Adaptive Rules for Semi-Nonparametric
Estimators that Achieve Asymptotic Normality”, Econometric Theory 7, 307-340.

Elbers, C. & G. Ridder (1982), "True and Spurious Duration Dependence:
The Identifiability of the Proportional Hazard Model”, Review of Economic Stud-
ies 49, 403-409.

47



Gabler, S, F. Laisney & M. Lechner (1993), ” Seminonparametric Estimation of
Binary-Choice Models with an Application to Labor-Force Participation”, Journal
of Business € Economic Statistics 11, 61-80.

Gallant, A. R. (1981), ”"On the Bias in Flexible Functional Forms and an
Essentially Unbiased Form: The Fourier Flexible Form”, Journal of Econometrics
15, 211-245.

Gallant, A.R. & D.W. Nychka (1987), ”Semi-Nonparametric Maximum Like-
lihood Estimation”, FEconometrica 55, 363-390.

Geman, S. & C. Hwang (1982), Nonparametric Maximum Likelihood Estima-
tion by the Method of Sieves”, Annals of Statistics 10, 401-414

Gill, R.D. (1989), "Non- and Semi-Parametric Maximum Likelihood Estima-
tors and the Von Mises Method (Part 1)”, Scandinavian Journal of Statistics 16,
97-128.

Grenander, U. (1981), Abstract Inference. Wiley.

Hahn, J. (1994), "The Efficiency Bound of the Mixed Proportional Hazard
Model”, Review of Economic Studies 61, 607-629.

Hannan, E.J., & B.G. Quinn (1979), ”The Determination of the Order of an
Autoregression”, Journal of the Royal Statistical Society, Series B 41, 190-195.

Heckman, J. J. (1979), ”"Sample Selection Bias as a Specification Error”,
Econometrica 47, 153-161.

Heckman, J. J. & B. Singer (1984), ” A Method for Minimizing the Impact of
Distributional Assumptions in Econometric Models for Duration Data”, Econo-
metrica, 52, 271-320.

Horowitz, J.L. (1998), Semiparametric Methods in Econometrics, Springer.

Ichimura, H. & S. Lee (2010), ”Characterization of the Asymptotic Distribu-
tion of Semiparametric M-Estimators”, forthcoming in the Journal of Economet-
rics.

Jennrich, R.I. (1969), ”Asymptotic Properties of Nonlinear Least Squares
Estimators”, Annals of Mathematical Statistics 40, 633-643.

Kronmal, R. & M. Tarter (1968), ”The Estimation of Densities and Cumula-
tives by Fourier Series Methods”, Journal of the American Statistical Association
63, 925-952.

Lancaster, T. (1979), ”Econometric Methods for the Duration of Unemploy-
ment”, Econometrica 47, 939-956.

Manski, C.F. (1988), "Identification of Binary Response Models”, Journal of
the American Statistical Association 83, 729-738.

McLeish, D. L. (1974), ”"Dependent Central Limit Theorems and Invariance

48



Principles”, Annals of Probability 2, 620-628.

Newey, W.K. (1990), ”Semiparametric Efficiency Bounds”, Journal of Applied
FEconometrics 5, 99-135.

Newey, W.K. (1994), " The Asymptotic Variance of Semiparametric Estima-
tors,” Econometrica 62, 1349-1382.

Newey, W.K. (1997), ” Convergence Rates and Asymptotic Normality for Series
Estimators”, Journal of Econometrics 79, 147-168.

Ridder, G. & T. Woutersen (2003), ”The Singularity of the Efficiency Bound
of the Mixed Proportional Hazard Model”, Econometrica 71, 1579-1589.

Schwarz, G. (1978), ”Estimating the Dimension of a Model”, Annals of Sta-
tistics 6, 461-464.

Shen, X. (1997), ”On the Method of Sieves and Penalization”, Annals of Sta-
tistics 25, 2555-2591.

Van der Vaart, A.W. (1998), Asymptotic Statistics. Cambridge University
Press.

White, H. & J. Wooldridge (1991), ”Some Results on Sieve Estimation with
Dependent Observations”. In Barnett, W.A., J. Powell & G. Tauchen (eds.), Non-
parametric and Semi-parametric Methods in Econometrics and Statistics, Ch. 18,
Cambridge University Press.

49



